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Abstract
By considering the generalized uncertainty principle, the degrees of
freedom near the apparent horizon of Vaidya black hole are calculated
with thin film model. The result shows that a cut-off can be introduced
naturally rather than taking by hand. Furthermore, if the minimal
length is chosen to be a specific value, the statistical entropy will satisfy
the conventional area law at the horizon, which might reveal some deep
things of the minimal length.
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Black hole is one of the most intriguing objects which possibly provide a
bridge between an underlying quantum gravity theory and the classical grav-
ity. Pioneering by the Bekenstein’s [1] and Hawking’s [2] works, the black
holes could have the temperature and entropy as an ordinary thermodynam-
ical macroscopic system. Moreover, the entropy of a black hole is argued to
be proportional to the area A of the horizon. Since the origin of the entropy
of the black hole at the microscopic level becomes an active and fascinating
field of researches, many efforts have been made and several different methods
have been developed to calculate the entropy [3–5] of black holes at statistical
level. In Ref. [6], ’t Hooft proposed a widely-used method called “brick-wall”
by supposing that the entropy of the black hole comes from the contributions
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of the quantum gases in a “wall" outside the horizon. However, there exists
divergence of the entropy if no further constraint has been introduced on the
brick-wall. So that a cut-off of the brick-wall must be introduced by hand,
which is unnatural in some sense [6–15].
Recently, the generalized uncertainty principle (GUP), which is developed
from the Heisenberg’s uncertainty principle (HUP), is used in the brick-wall
model to calculate the free energy and the entropy. It shows that the cut-off
is naturally given by a minimal length indicated by the GUP [16–27]. The
bound of the entropy has also been obtained in the framework of the GUP.
However, all those works are concentrated on the static spherically symmetric
black holes. In this paper, we are interested in the dynamical spacetime. We
will follow the approach of brick-wall method with the GUP to calculate the
statistical entropy of Vaidya black hole. Planck unit c = G = ~ = kB = 1 is
used throughout this paper for convenience.
Vaidya spacetime is a solution of the Einstein’s equation, which describes
the formation of a Schwarzschild-like black hole out of a collapsing shell of
null dust. The metric of the Vaidya spacetime in the advanced Eddington
coordinates reads [31, 32]
ds2 = −[1 − 2m(v)
r
]dv2 + 2dvdr + r2dθ2 + r2 sin2 θdφ2, (1)
where m(v) is the dynamical mass of the black hole, v is the advanced Ed-
dington time coordinate and
f(r) = 1− 2m(v)
r
. (2)
In order to characterize the formation of a dynamical black hole, there is a
generalized notion called apparent horizon which is distinct from the event
horizon. To demonstrate, we just consider the apparent horizon which is a
closed space-like hypersurface of co-dimension two and is located at [32]
rAH = 2m(v). (3)
The surface gravity of the apparent horizon is
κAH =
1
2rAH
=
1
4m(v)
. (4)
The corresponding Hawking temperature is
TAH =
κAH
2π
=
1
8πm(v)
=
1
βAH
, (5)
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thus we have
βAH =
2π
κAH
= 4πrAH . (6)
The metric function f(r) can be expanded near the horizon rAH as
f(r) ≈ f ′(rAH)(r − rAH) = 2κAH(r − rAH). (7)
There are several ways to generalize the Heisenberg’s uncertainty princi-
ple, and the simplest one among of them is [16–20,23]
∆x∆p ≥ ~+ λ
~
(∆p)2, (8)
where ~ is the Planck constant, ∆x and ∆p are the spatial coordinates and
momentum respectively, and λ is a constant at order of the Planck length [16].
The Eq.(8) indicate that there exists a minimal length [21, 22]
∆x ≥ 2
√
λ. (9)
Since we are considering a system of quantum boson gas in a “wall” outside
the horizon, the Klein-Gordon equation for a scalar field is introduced
(− µ2)Φ = 0. (10)
Decompose the wave function into the form of
Φ = e−iωvψ(r, θ, φ), (11)
and substitute it into Eq.(10), yields
∂2ψ
∂r2
+ (
2
r
+
df(r)
f(r)dr
)
∂ψ
∂r
+
1
f(r)
[
ω2
f(r)
− µ2+
1
r2
(
∂2
∂θ2
+
∂
tan θ∂θ
+
∂
cos2 θ∂φ2
)]ψ = 0.
(12)
By using the Wenzel-Kramers-Brillouin (WKB) approximation, i.e., take ψ ∼
eiS(r,θ,φ), one could get [28]
p2r =
1
f(r)
[
ω2
f(r)
− µ2 − p
2
θ
r2
− p
2
φ
r2 cos2 θ
], (13)
where
pr =
∂S
∂r
, pθ =
∂S
∂θ
, pφ =
∂S
∂φ
. (14)
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And the square module momentum is
p2 = pip
i = grrp2r + g
θθp2θ + g
φφp2φ =
ω2
f(r)
− µ2. (15)
Eq.(15) implies that ω > µ
√
f(r).
In the framework of the GUP, the number density now becomes [17]
d3xd3p
(2π)3(1 + λp2)3
. (16)
Consequently, we obtain the number of quantum states as
n(ω) =
1
(2π)3
∫
drdθdφdprdpθdpφ
1
(1 + λp2)3
=
2
3π
∫
dr
r2(ω2/f(r)− µ2)3/2√
f(r)[1 + λ(ω2/f(r)− µ2)]3
. (17)
One could see that it becomes finite even at the horizons. So that a cut-off
by hand is needless with the help of GUP.
The quantum boson gases in a “wall” outside the horizon are regarded as
the eigenmodes of the scalar field in the vicinity of the black hole. Every wave
solution may be occupied by any integer number of quanta, that the total
number of the quantum boson particles may be not conserved. This is some-
what analogous to the arguments on the statistics of the photon gas which
leads to the blackbody spectrum. In this case, the parameter α = −µ/kT in
the normal Bose-Einstein distribution disappears, thus the chemical potential
vanishes. Now the free energy of the scalar field reads
F = −
∫ ∞
µ
√
f(r)
dω
n(ω)
eβω − 1 . (18)
Therefore, the entropy can be calculated as
S = β2
∂F
∂β
=
2β2
3π
∫
dr
r2√
f(r)
∫ ∞
µ
√
f(r)
dω
ω(ω2/f(r)− µ2)3/2
4 sinh2(βω/2) [1 + λ(ω2/f(r)− µ2)]3
=
β3
12πλ3
∫
r2f(r)dr
∫ ∞
x0
dx
x(x2 − x20)3/2
sinh2 x [x2 − x20 + β2f(r)/(4λ)]3
, (19)
where x ≡ βω/2 and x0 = βµ
√
f(r)/2.
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It is supposed that the main contribution of entropy comes from a small
region just near the horizon [30], whose thickness corresponds to a proper
distance at the order of the minimal length indicated by the GUP. Now we
consider a thin layer located between rAH and rAH + ǫAH . Then the range
of integration in Eq.(17) becomes rAH to rAH + ǫAH [33]. This method is
usually called as the thin film model, which is also developed from the brick-
wall model with GUP. Notice that x0 in the above equation goes to zero at
the horizon, the entropy becomes
S =
β3
12πλ3
∫ ∞
0
dx
x4
sinh2 x
I(x)AH , (20)
where
I(x)AH =
∫ rAH+ǫAH
rAH
dr
r2f(r)
[x2 + β2f(r)/(4λ)]3
. (21)
On the other hand, the minimal length can be extracted from the relation
as below
2
√
λ =
∫ rAH+ǫAH
rAH
dr√
f
≈
∫ rAH+ǫAH
rAH
dr√
2κAH(r − rAH)
=
√
2ǫAH
κAH
, (22)
which gives
ǫAH = 2λκAH . (23)
Eq.(21) on apparent horizon of Vaidya black hole now becomes
I(x)AH =
∫ rAH+ǫAH
rAH
dr
f(r)r
[x2 + f(r)βAH
4λ
]3
≈ f
′(rAH)ǫ
2
AHr
2
AH
2x2[x2 +
β2
AH
f ′(rAH )ǫAH
4λ
]2
=
4κ3AHr
2
AHλ
2
(4π2x+ x3)2
. (24)
where x = βAHω
2
. Then the entropy is
SAH =
β3AH
12πλ3
∫ ∞
0
dx
x4
sinh2 x
I(x)AH
=
AAH
4
8π
3λ
∫ ∞
0
dx
x4
sinh2 x(4π2x+ x3)2
, (25)
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where AAH = 4πr
2
AH is the surface area of the apparent horizon. The inte-
grand in Eq.(25) could be regarded as a complex function h(z) = z
4
sinh2 z(4π2z+z3)2
.
With the help of residue theorem, Eq.(25) turns out to be
SAH =
AAH
4
8
3λ
(− 1
24
+
1
π2
∞∑
n=1,n 6=2,n∈N+
n(n2 + 4)
(n2 − 4)3 )
=
AAH
4
8
3λ
(− 1
24
− 25
32π
+
ζ(3)
π
)
=
AAH
4
σ
λ
, (26)
where σ = 8
3
(− 1
24
− 25
32π
+ ζ(3)
π
). We could see that the entropy of the Vaidya
black hole on apparent horizon is proportional to the surface area at the
horizon.
If we further require the entropy satisfy the area law of black hole, one
need to make σ = λ. Then the minimal length could be obtained as 2
√
λ =
2
√
σlp ≈ 0.254969lp, where lp is the Planck length. This requirement might
provide some deep insight into the minimal length indicated by GUP. Since
the entropy is consider as the semi-classical property of Hawking radiation
from the horizon within a thin layer of Planck order, so that the range of
integration in our method is more reasonable than brick-wall model with a
man-made cut-off.
In summary, we have calculated the entropy of apparent horizon with
thin film model based on generalized uncertainty principle. We have found
that the entropy is proportional to the surface area at the horizon, which is
consistent with the results of Bekenstein and Hawking. Our result is more
reasonable and reliable because there is no unnatural cut-off in this method.
Furthermore, the area law of the black hole requires the minimal length λ
in GUP to be a specific value, which deserves future studies to provide some
deep insight into microscopic structure of the black hole.
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